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1. INTRODUCTION

If a function F(v) can be represented on a region Q in the form

k

F(v) = L fjv- i + Rk+l(v),
i=O

k = 0,1,... , (1.1)

where the fj are independent of v and k, then a formal rational approximation
to F(v) can be derived as follows. For fixed n, let the weighting coefficients
An.kyk, k = 0, 1,... , n, be arbitrary. Replacing k by k - a in (1.1), a an
integer ? 0, multiplying the resulting equation by An,kyk, and summing
from k = °to n, one obtains

(1.2)

n

Hna(y) = L An,/cYk,
k~O

n

Sna(v, y) = L An.kykRk+1_aCv),
k=O

n n-k
Kna(v, y) = L yk L An.k+rflyjvY·

k=a r=O

(1.3)

Then Kna(v, y)jHn<1.(y) is the desired formal rational approximation to F(v).
Although the range parameter y is almost always chosen equal to v, there are
advantages in leaving it arbitrary as long as possible.
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If Atna(y) is a linear difference operator with respect to n which annihilates
both Hna(y) and Kna(v, y), the study of the convergence properties of the
sequence {Kna(v, y)jHna(y)}~~o reduces essentially to an analysis of the
difference equation .Ana(Y){Yn(Y)} = O.

The parameter a distinguishes between classes of rational approximations
that correspond to the main and off diagonal entries of the classical Pade
table ([1]). As the parameter a will be fixed, its dependence will usually be
suppressed.

Using this scheme, explicit rational approximations Kn(v)jHn(v) are
developed for the Meijer G-functions (generalized hypergeometric functions
[2,3])

F( ) = TI~-l r(Pk) Gl .V (-1 I 1 - (Xl'"'' 1 - (Xv) {3 = + 1 - 2
v -- TIP r( ) v.q+l VOl l' P q > ,r=l (Xr , - PI ,... , - pq

_ res + a)
(a)s = rea) , (1.4)

v ---+ 00, I arg v I < 1T{3j2,

where L_ is a loop contour running from ooe-i" to roei" which separates the
poles of n~~l res + cxr) from those of r(-s). Under mild restrictions on the
parameters a, CXr and Pk , it will be shown that

(1) F(v) = limn.... '" Kn(v)jHn(v), v( =1= 0) fixed, I arg v I < 1T,

(2) as for the Pade approximants, Kn(v) and Hn(v) satisfy the same
homogeneous difference equation with respect to n, and

(3) the error, F(v) - Kn(v)jHn(v), can be represented by an easily
analyzed, closed form expression.

Partial results for the {3 = 2, 3, 4 cases are collected in [3, 4, and 5].
In what follows, I will make use of the notation

G';:: (w Ial , , av ) = G';:: (w lap),
bl , , bq bo

1 f r(bM - t) rO - aN + t) Wi d
= 21Ti L rm(l - bo + t) rn(ap - t) t,

where

(1.5)

v
rn(cp - t) = n r(Ck - t),

k=n+l
r(CM - t) = rO(CM - t), (1.6)



RATIONAL APPROXIMATIONS 163

and L is an upward oriented loop contour which separates the poles of
F(bM - t) from those of F(1 - aN + t) and which begins and ends at
+ 00 (L = L+) or - 00 (L = L_). The basic functional relationships for the
G-function are then

Gm.n (w lap) = Gn,m (w-1 11 - bO)
p,q bo q.P I - ap ,

we Gm.n(w lap) = Gm.n(w Ic+ ap).
p,q bo P.q C + bo

(1.7)

(1.8)

If the poles of the integrand in (1.5), interior to L, are simple, then the G
function is a finite sum of hypergeometric functions, e.g.,

Gm,n (w lap)
P.q bo

p < q or p = q and Iwi < I,

where

(1.9)

and the notation of (1.5) has been used for hypergeometric functions.
Combining the above notations, we rewrite (1.4) in the form

( ) _ F(po) l,p (-1 I 1 - rxp )
F v = F(rxp) Gp,q+1 V 0, 1 - Po '

= _1_ J F(-s)(cxp)s v-s d
27Ti L_ (Po)s S,

fJ=p+ 1-q>2,

F(s + a)
(a)s = F(a) , (1.11)

v- 00, I arg v I < 7TfJj2.

To see that the above scheme is applicable, one moves the contour L_ in
(1.11) k + I units to the right to obtain the analog of (1.1),

F(v) = t (cxp); (-v)-j + (_I)k+1 F(po) Gl.P+1 (v-1 I k + 1, 1 - rxp )
j=O (Po); j! F(rxp) p+l.H2 k + 1,0, I - Po .

(1.12)

For convenience, we set KnG(v, v) and SnG(v, v) equal to Kn(v) and Sn(v),
respectively.
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= _1_ J F(-s) F(-s + a - ap)(n + ,\). w· d
2ni L+ F(-s + a + I - po)(n + l)-s s,

To analyze the subsequent difference operators, the following asymptotic
estimates are pertinent. Their proof will appear elsewhere.

THEOREM I. If n is a large parameter such that arg n --+ 0 as n --+ 00, the
parameters a, '\, aT and Pk are independent of n, and f3 = p + I - q ): 3,
then

Gn(w) = F(n + I) GP+l.1 ( II - n - '\, a + I - Po, n + I)
F(n +,\) q+2.P+l W 0, a - ap ,

(l.l3)

,.....,~(2nr-l [WN2]T exp !-f3[WN 2]1/1l + ; [WN2](3-l3l/13 + O([w5NIO-4I3P/I3)I

x {I + 0([1 + I W 1]2.1 [WN2]-1/13)},

wN2 --+ 00, I arg[wN2]1 < n[f3 + 1],

w = 0(N2/L), N2 = n(n + ,\),
q P

f3T = (a + Wf3 - 1) + L Pi - L (l + (Xi),
i~l i~l

(1.14)

Ik = max (~ ' ~ f3 - 1),
Moreover, if

Pk - (XT i= 0, -1, -2,... ; k = 1,... , q; r = 0, 1, ... , p;

Pk - Pi i= an integer, k * j,

then

(Xo = a,
(l.lS)

F(n + 1)
Ln.k(w) = F(n + ,\)

X GP+2 •2 2 (w 11 - n - '\, a + 1 - Pk , a + 1 - Po, n + 1)
q+3.p+ 0, a - ap, a + 1 - Pk '

(l.l6)

(
F(-s) F(-s + a - ap) F(-s + a + 1 - Pk»)

= _1_ J X res - a + Pk)(n + ,\). W
S ds,

2ni L+ F(-s + a + 1 - po)(n + l)-s

,...., F(Pk - a) F(Pk - ap) [wN2]a-Ok {I + O([wN2r1)},
F(Pk + 1 - Po) (l.l7)

WN2 __ 00, I arg[wN2]\ < n(f3 + 2)/2.
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That root of [WN2]1/1l is chosen which has argument zero when w, n and Aare
positive.

For w independent of n and I arg w I < '7T{3/2, (1.14) is due to Wimp [6].

2. MAIN RESULTS

THEOREM 2. Let the parameters a, A, O:r and Pk satisfy the conditions

a = 0, 1,... , or p; A = 0, 1,... , or p - a, (2.1)

Pk - O:r oF 0, -1, -2,... ; k = 1,..., q; r = 0, 1,...,p; 0:0 = a, (2.2)

and set

Pk - Pi oF an integer,

O:r - O:i oF an integer,

k oF j,

r oF j,
(2.3)

(
-n, n + A, -a + Po I )

Hiv) = H2Fp -a + 1 + O:p -v ,

Then

lim Kiv) = r(po) Gl.P (v-1 I 1 - O:p )
n->oo Hiv) r(o:p) P.q+l 0, 1 - Po '

(2.4)

(2.5)

V(oF O)fixed, I arg v I < '7T, {3 = P + 1 - q > 2. (2.6)

Moreover, the convergence is uniform on compact subsets of the open
sector I arg v I < 7T.

Proof. This will follow directly from Theorems 3 and 4 which analyze the
asymptotic behaviour of Hn(v) and Kn(v), respectively. I

THEOREM 3. Under the condition (2.3), there exist numbers Ai ,j = 1,... , {3,
and Bk , k = 1,..., q, which are independent ofn and v such that

H ( ) F (
-n, n + A, -a + Po Ii)

n V = Q+2 P -a + 1 + O:p ve 17 ,
(2.7)
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T(n + 1) T(-0 + 1 + Ctp)
r(n + .\) r(-a + Po)

Gl.a+1 ( i" 11 - n - .\, a + 1- Po, n + 1)
x a+2.v+l ve ° ',a - Ctp

= _1_ J F(-s)l-a + Po). (n + .\). (vei
"). d

27Ti L+ (-a + 1 + Ctp)s (n + 1)-s s,

B a
= L A j Gn(vei ,,(B+2-2j» + L BkL n .k(vei ,,(2w-lJ+ll),

j~1 k=l

(2.8)

(2.9)

where

r(-a + 1 + Ctp)[VN2]T exp{,8[vN2]I/B + O([v3N6-2B]I/B)}, (2.10)
r(-a + Po) V,8(27T)B-l

VN2 ----+ 00, I arg[vN2]\ < 7T, arg n ----+ 0, v = O(N2"),

w is the largest integer ~ ~ ,

Al = (27T)l-IJ e-iw/3T T(-o + 1 + Ctp) ,
r(-a+po)

(2.11)

and the other parameters are defined in (1.14).

Proof From the partial fraction decomposition

rr:-l (y - ar) = ±dk.mym + t C. yB-i
n~=l (y - bk) k=1 y - bk i=1 1.m ,

j =1= k,

c = (_l)B-l (ap)l
B.m (b O)1 '

°< m < ,8 = p + 1 - q,

(2.12)

Jm(s) = res - a + Po) r(-s + a + 1 - Po) ,
r(s - a + 1 + c<p) r(-s + a - Ctp)

a
= L dk.m(27T)-B e-i"(t+BT+a-Pk)ei,,.(2m-ll)r(s - a + Pk) F(-s + a + 1 - Pk)

k-l
(2.13)

B
+ L Cj.m(27T)1-B e-i "IlTei1Ts(B+l-2j\ .

i=l
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The numbers A j and Bk are then defined by

r(-a+ I +cxp) a.Fe_ + ) J",(s) = L Bke,ws(2w-fllr(s - a + Pk) Fe-s + a + I - Pk)
a Po k=1

8+ L A j eiws(8+1-2i).
i~1

In particular, Al is given by (2.11),

A = (2 )1-8 iw8r r(-a + 1 + CXp)
8 1T e F(-a + Po) ,

(2.14)

(2.15)

and

B
k

= eiw(a-ok)(8-2",) r(-a + 1 + cxp) ro + Pk - Po) r*(-pk + Po)
Fe-a + Po) ro + CXp - Pk) F(Pk - cxp) (2.16)

It follows from the integral definition of Hn(v) as a G-function, with L = L+ ,
that

Hn(v) = r(-a + 1 + cxp)
Fe-a + Po)

_1_ f r(-s) r(-s + a - cxp)(n + "-)8 (veiW)8 J ( ) d
x 21Ti L+ r(-s + a + I - po)(n + 1)-8 '" S s. (2.17)

Equation (2.9) then follows when J",(s) is replaced by the expansion (2.14),
and the resulting integrals are identified. For Iarg v I < 1T, the asymptotic
expansion of all the resulting functions can be deduced from Theorem 1,
and (2.10) follows directly. Note that for Theorems 1 and 3 to be valid, it is
not necessary that n be a positive integer. I

THEOREM 4. Under the conditions of Theorem 2, set

11

F(v) = L vIlTFr(v),
r=1

F ( ) = (cxP*)-ar F (1, CXr , CXr + 1 - Po 1(-1)8-1 )
r V (p) a+2 11 CX· + I _ CX v ,o -IlT r P

(2.18)

(2.19)Gn.r(v) =
r(-a + ar) r*(ar - ap)(n + A)a-IlT

r(CXr + I - PO)(n + l)-a+llr

x F (1, -n + a - CXr , n + "- + a - CXr , Po - CXr 1(-1)8-1 v).
a + 1 - CXr , 1 + CXp - CXr
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Then

(
r(-a + 1 + exp) ro - Po + exr) )

Kn(v) = t X r(po - exr) vaGnAvei1TS) Fr(v) ,
r=1 (r(-a + Po) r(l + exp - exr) r*(exr - exp) )

X r(-a + exr) F(a + 1 - exr)

""' A1F(v) Gn(vei1TS), n -- 00, larg v I < 7T, (2.20)

where Al is defined in (2.11).

Proof Under the above parameter conditions, consider the integral

I
k

= ~ fi oo
r(-s)(-a + PO)s+k (ap)s (n + .\)SH ds,

2m -ioo (-a + 1 + ap)s+k (Po)s (l)s+k (n + l)-s-k

k - a = 0, 1, ... , (2.21)

where the contour from -ioo to ioo separates the poles of r(-s) from those
of r(s + k - a + Po) r(s + ap) r(s + k + n + .\). The integral I k is
absolutely convergent for .\ - p - 2 + a - (k - a)(f3 - 2) ~ .\ - p - 2 + a < - 1.
Evaluating I k by the poles to the right and left of the contour, one obtains

(_l)k (-nh (n + .\)k (-a + PO)k
(-a + 1 + ap)k k!

F (-n + k, n + .\ + k, -a + Po + k, exp 11)
X MH2 PH+! -a + I + ap + k, 1 + k, Po

= f (-a + poh-cxr (ap*)-cxr (n + '\)k-cxr

r~1 (-a + 1 + ap)k-cx r Oh-cxr (Po)-cx r (n + l)-k+CXr

F ( ex" a-k+exr-exp, -k+a" l+exr-po, 1 Ill)
X 1-n-A-k+ex" 1-pQ+a-k+lXn 1+lXr-lXp, n+1-k+exr .

(2.22)

Substituting this identity into the definition of Kn(v), replacing k by k + a,
and making use of the result

Fr(v) Gn Avei1TS)

(
r(-a + cxr) r(ar) T*(ap - ar) T*(ar - ap) )

X r(n + 1) r(n + .\ + a - exr) r(po)
r(lXr + 1 - Po) r(po - ar) r(n + 1 - a + ar) r(n + .\) r(exp)

X f (-n + a - ar)k (n + .\ + a - cxrh (Po - cxrh (-V)k
k-O (a + 1 - ar)d1 + CXp - ar)k

F ( -k-a+a" -k+ar-ap, 1, aT> l+ar-po \1)
X -k+l-a+n+ lXn -k+l-a-n->"+exn -k+l-Po+exn l+exr-exp ,

(2.23)
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one obtains the first line of (2.20). A further computation using Theorem 2
with n replaced by n - a + <Xr and v independent of n, shows that

G (
. 8) r(-a + <Xr) r(l + a - <Xr) r*(<Xr - <Xp) r(l + <Xp - <Xr)ve'" ""' --''------'-----'-''=--'--------'----''-'-==--'-'----=..;:...---'--'-----~

n,r T(l - Po + <Xr) T(po - <xr )(27T)8-I

and

n -4- 00, I arg v I < 7T, (2.24)

(2.27)

which reduces to the last line of (2.20). Theorem 2 then follows directly. I
In the subsequent analysis, we will make use of the difference operators

.ltn(y) = Oltn(A - p, 0) Oltn(A - P + 1, -a + CXl) •.• Oltn(A, -a + cx p)

- n(n + A - p - 1) y,g'-IOltnCA - P + 2, -a + PI)'"

... Oltn(A - P +q + I, -a + pq) Oltn(A - P + q + 2) ... Oltn(A),

(2.26)
where

Olt (A ) = (n + A - I)(n + /1-) ,g'0 _ n(n + A - I - /1-) ,g'-1
n ,/1- 2n+A-I 2n+A-I'

Olt (A) = lim Oltn(A, /1-) = (n + A - 1) ,g'0 + n ,g'-l
n 1'->00 /1- 2n + A - I 2n + A - I '

and ,g'-i is the shift operator on n, i.e., ,g'-iYn = Yn-i . Clearly, .Itn(Y) is of
order p + I and can be written in the form

P+1

vUn(y) = L [CJCn, A) + yDJCn, A)] ,g'-i.
i=O

(2.28)

Explicit expressions for the Ci(n, A) and Dn(n, A) can be deduced from
[4, Chapter 12; 7]. A simple computation shows that

\ (n + A)8! (n + A - 1)8
Oltn(A, /1-) ! en + 1)-8 I = (n + 1)-8 (s + /1-),

and

I (n + A)8 I (n + II - p - 1)8
.ltn(y) (n + 1)-8 = (n + 1)-8 s(s - a + CXp)1

(n + A - p - 1)8+1 (
- Y (+ I) s - a + PO)1 .n -8-1

Note that if s equal to an integer r, (-It (-n)r (n + l)-r = 1.

(2.29)

(2.30)
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THEOREM S. Under the conditions of Theorem 2, the functions Hn(v), Kn(v),
Gn(vei1TI .B+2m») and Ln,ivei1TI .B-l+2m»), k = 1,... , q, m an integer; all satisfy the
linear difference equation of order p + 1,

(2.31)

a =1= 0,

Moreover, if I arg v I < 'IT, the p + 1 functions Gn(vei1TI .B+2-2il), j = 1,... ,
f3 = p + 1 - q, and Ln,ivei1T12w-.B+l»), k = 1,... , q, form a basis fJIJ'P+l of
(2.31). The parameter w is defined in (2.11).

Proof One can apply viin(v) directly to the integral representations of
Gn(vei1T(.B+2m») and Ln.k(vei1T(.B-l+2ml) as given by (1.13) and (1.16). It then
follows from (2.30) and the residue theorem that these functions satisfy (2.31)
(see [8]). As Hn(v) is a linear combination of these functions, it too satisfies
(2.31). From the above and theorem 1, it is clear that fJIJ'P+l is a basis of (2.31).
Finally, again making use of (2.30), we have

viin(Y) \ i Y(-a + POh+i (CXp)i (-nh+i (n ~, A!,k+i (_y)k (y/V)i!
lk=a i~O (1 - a + cxp)w (PO)i (k + J). J. \

= i nf (-nh+i (n ~, A - p ~ 1)w (CXp)i (-a + POh+i (_y)k (Y/V)i
k~a i~O (Po);}· T(k + J)(1 - a + CXp)k+H

= n~a (-n)i+a (n + A - p - 1)i+a T(1 - a + cxp) T(po) (_ .)a ( /V)1
i::O T(a + j) j! T(-a + Po) T(cxp) Y Y ,

= T(1 - a + cxp) T(po)( -n)a (n + A - p - l)a (_y)a
r(-a + Po) T(cxp) rea)

F (
-n + a, n + A - p - 1 + a I /)

X 2 1 yv,
a

(-n + 1 n + A - PI)= (CXp)l (-n)(n + A - p - 1)(y/v) 2Fl ' 2 y/v ,

a = O. (2.32)

Thus

vIIn(v){K n(v)}

=(_l)n_a n(n+A-P-l)T(n+A-P-l+a)T(l-a+cxp)r(po) ya,
T(n + 1 - a) T(A + a - p) T(cx'P) T(-a + Po)

=0, A+ a-I - p a negative integer. I (2.33)
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THEOREM 6. Under the conditions of Theorem 2,

171

8 q

Kn(v) = L C;(V) Gn(vei1T(8+2-2j» + L Dk(v) Ln,k(vei1T(2w-8+l», (2.34)
j-I k~1

where

8-j
= L (A8- k - A8+l-k) F(ve21Ti(8+I-j-k», j = {3 + 1 - w, ... , (3,

k=O

j

C;(v) = L (Ak - Ak- I) F(vr21Ti<i-k»,
k=1

j = 1,2,... , {3 - w,

(2.35)

E (v) = r(pQ) GNU (vei1T 11, Pk , po)
k r(cxp) H2.11+l Pk' CXp ,

(2.36)
and the A k , Bk are defined in (2.14), Ao = AIl+l = O.

Proof The existence of the expansion for Kn(v) follows directly from
Theorem 5, and only the identification of the coefficients remains.

We begin by noticing that the general relationship

(27ri) G'::qn+l (w Ib:~ a)

= ei1TuGm+l.n(we-i1T I ap ) _ e-i1TuG':+l.n (wei1T I ap ) (2.37)
Il.HI a, bo ll.q+l a, bo

implies that

Ln.iwe-21Ti) = e21TiPkLn.k(W) + (-l)a+l(27ri) ei1TPkGn(we-i,,), (2.38)

and

(2.39)

Moreover, as Hn(v) is a polynomial in v, Hn(v) = Hn(vr21Ti). Combining
this relationship with (2.9) and (2.38) one obtains the recursion relationship

8 q

o = L (Aj+l - Aj) Gn(vei1T (8-2j» + (-l)a(27ri) Givei1T (2W-8» L ei1TPkBk
j=O k=1

q

+ L Bk(I ~. e2"iPk) Ln.k(vei1T(2W-8+l».
k=1

This equation expresses Gn(ve-i1T8) in terms of the basis flIp+l .

(2.40)
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Furthermore, since

J (s) = (_I)aIP-q)+p res + Po) r(-s + I - Po)
w res + cxp) r(l - s - cxp) ,

(2.41 )

it follows from (2.14) that

~ f r(-s) res + cxp) Jw(s) v- s ds
2m L res + Po)

= 0, (2.42)

(2.43)
.i =1= I + (3 - w,j = 1,2,... , {3,

since the integrand of the integral has no poles interior to L .
As Gn(vei1Tll) is the dominant term of Kn(v) as n ---+ 00, Theorem 4 implies

that CI(v) = AIF(v), or that (2.35) is valid for j = 1. The remaining coeffi
cients are determined by the fact that Kn(v) as a polynomial in v is invariant
under the transformation v into vr21Ti . When v is replaced by ve-21Ti in (2.34),
one obtains a linear expansion of Kn(ve-21Ti) in the Gn(vei1TW-2i»,j = I, ... , (3
and Ln.k(vei1T12w-Il-I». If Gn(ve-i1Tll) and Ln,k(vei1T12w-Il-I» are replaced using
(2.40) and (2.38), respectively, one obtains a linear expansion of KnCve-21Ti) in
terms of the basis !J1JP+1 which must agree with the expansion of Kn(v) in terms
of the basis !J1J P+1 • In particular, if the coefficients of Gn(vei1Tll) are compared,
one obtains A/lCI(v) = AIC/l(ve-21Ti) or Civ) = A/lF(ve21Ti ). More generally,

Civ) = Cj_l(vr21Ti) + (A j - A j_l) F(v),

and
q

C1+Il-wCV) = CIl_w(ve-21Ti) + (-I)a+1 (27Ti) L ei1TPkDk(ve-21Ti)
k~1

q

+ (Al+Il- w - AIl- w) F(v) + (_l)a (27Ti)F(v) L ei1TPkBk' (2.44)
k~1

Equating the coefficients of Ln.k(vei1T12w-ll+ll), we obtain

(2.45)

Letting j = 2, 3,... , {3 - w in (2.43), one obtains by induction the first line
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(2.46)

of (2.35). Letting j = {3, {3 - 1,... , 2 + f3 - w in (2.43), one obtains the
second line of (2.35). This evaluates all the C;(v). To evaluate the Dk(v), set

Div) = BkEk(v) + vVkDk#(v).
r(Pk) r(1 - Pk)

We wish to show that Dk#(v) == 0, k = I, ... , q. Then (2.39) and (2.45) imply
that

(2.47)

Making use of (2.42) with v replaced by vei1T(2w-l:l+l) and vei1T(2w-,9-l), (2.44) can
then be written in the form

q

L: e-i1TVkvVkDk#(V) = O.
k~l

(2.48)

Replacing v by ve21Tir, r an integer, and using (2.47) this last equation can be
written in the form

q

L: ei1TVk(2r-llvVkDk#(V) = O.
k~l

(2.49)

Letting r = 1,2,... , q, one obtains a homogeneous system of q equations in
the q unknowns vPkDk#(v). As

X 1
3

, ••• , xq
3

x~q-\ ... , x~q-l

q

= TI Xj . TI (Xk2 - xl),
k~l l<;j < k<;q

(2.50)

it is clear that with Xk = ei1TPk, the determinent ofthe above system is not zero
under the condition (2.3). Hence Dk#(v) = 0, k = I, ... , q, establishing
(2.36). I

COROLLARY. Under the conditions of Theorem 2,

,9

= L: [AjF(v) - C;(v)] Gn(vei1T(,9+2-2j)
j=2
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;-1
A;F(v) - C;(V) = L Ak[F(ve-i2,rli-l-k») - F(ve-i21T1i-k»)], j = 2,... , fJ - w,

k=l

(2.52)
13
I Ak[F(vei21T(k-j») - F(vei21T(k+l-il)], j = fJ + I - w, ... , fJ,
k~j

Sn(v)jHn(v) = O(exp{ -a(v) I VN2 11/13},

( ) _ 2R [ 7T(fJ - 2) ] [ 2 I arg v I + 7T(fJ - 2) ]
a V - fJ cos 2fJ cos 2fJ '

> 0, I arg V I < 7T.

3. REMARKS

(2.53)

Remark I. It appears that Theorem 2 is valid when condition (2.3) is
weakened. For when this condition is violated, the exponential terms,
Gn(vei1TlI3+2-2j»), and their coefficients in the expansions (2.9) and (2.34) of
Hn(v) and Kiv) remain well defined. It appears that the limiting form of the
sum of the Ln,k(vei1Tl2w-13+l») terms is O([N2V]" [log (vN2)]m), n -- 00, where a
is a constant and m is a positive integer. This would be subdominant to the
exponential terms Gn • Condition (2.2) is suspect also. .

Remark 2. If,.\ does not satisfy condition (2.1), or y is not equal to V
(say y = rv, °< r < I), then Kna(v, y) would be a solution of the non
homogeneous difference Eq. (2.32). It appears that the more involved
analysis of this nonhomogeneous equation would still lead to the results of
Theorem 2.

Remark 3. Preliminary computations indicate that for fJ = 2, the asymp
totic representation for Ln,k(W), (1.17), remains valid, and

G ( ) = F(n + I) GH2,1 ( II - n - A, a + 1- Po, n + 1)
n W F(n + A) u+2,H2 W 0, a - 0:0+1 '

(3.1)

(1 + w) N2 __ 00, N2 = n(n + .\), (3.2)

I arg[wN2]I < 37T, I arg[(l + w) N2]1 < 7T, cosh g = 1 + 2w,

and or is defined in (1.14). For q = 0, these results have been established by
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Watson [9]. A rigorous derivation of the general case would imply that the
results of section 2 are also valid for f3 = 2.

Remark 4. Clearly the range of validity, Iarg v I < 1T, in Theorem 2 is
optimal as F(v) is multiple-valued and takes on different values at vei'lr and
ve-i7T-a behaviour that rational approximations cannot be expected to
mimic. This optimality is also reflected in the fact that asymptotically the
zeros of Hn(v) lie in a sector I arg(ve-i7T)I < E, E > O.
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